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We examine the relationship between the masslessness of a photon and the realization of
global symmetries in abelian gauge theories in 2 + 1 dimensions : scalar and spinor QED and
their immediate generalizations . We find that this masslessness (in the Coulomb phase) directly
follows from the spontaneous breakdown of a symmetry generated by the magnetic flux . In
spinor QED with two flavours the chiral symmetry is broken as well but a linear combination of
the flux and chiral symmetries remains unbroken. A similar symmetry breaking pattern U(1)
U(1) --> U(1) is realized also in Chern-Simons electrodynamics for a particular value of the
Chern-Simons coefficient at which the photon becomes massless (anyon superconductor). The
pertinent order parameter for the Higgs-Coulomb phase transition in scalar QED is identified
with the vev of the magnetic vortex creation operator V(A We calculate, using weak coupling
perturbation theory, the vev and the correlator of V(x) in both phases . This turns out to be
equivalent to evaluation of the euclidean QED partition function in the presence of the external
current which produces a magnetic monopole (with the contribution of the Dirac string
subtracted). In the Higgs phase this vev vanishes in accord with the Wigner-Weyl realization of
the flux symmetry. In the Coulomb phase of scalar QED we obtain a nonzero value of the order
parameter whereas in the spinor QED it vanishes . This indicates that in the scalar QED the
symmetry breaking is of the usual Nambu-Goldstone type while in the spinor QED it is of
Kosterlitz-Thouless type.

1. Introduction

Scalar massless particles have long been associated with the spontaneous break-
ing of underlying continuous symmetries of a quantum field theory. There are
numerous examples of Goldstone bosons in d > 2. Physical realization of this
phenomenon can be found in QCD where pseudoscalar mesons are approximately
Goldstone bosons associated with the spontaneous breaking of chiral symmetry. In
d = 2, although the vev of any order parameter vanishes [1], this phenomenon
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continues to manifest itself in the guise of massless Kosterlitz-Thouless bosons
[2,31. For example, the massless mode in the Gross-Neveu model appears as a
result of the Kosterlitz-Thouless realization of the chiral U(1) symmetry [3].

Generally the Goldstone theorem can also lead to the appearance of nonscalar
massless particles. This, for example, is the case of Goldstinos which appear as a
result of SUSY breaking.
There is another important class of theories which contain massless particles :

gauge theories. asslessness of gauge bosons is usually not thought to be related
to a symmetry among the physical states of the theory. It is sometimes attributed to
gauge invariance. In general, however, there is no connection between the two.
Gauge bosons may acquire mass due to the Higgs phenomenon or related effects,
such as topological mass generation in QED3. The mass of gauge particles is a
dynamical question, yet massless gauge particles often appear. In these theories
one would like to understand the exact masslessness of gauge bosons as resulting
from spontaneous breaking of a continuous symmetry*.

Closely related to this question is the phase structure of thesc theories. Theories
exhibiting a conventional Goldstone phenomenon usually have two phases, distin-
guished by different realizations of a continuous symmetry. In the unbroken phase
the relevant symmetry is realized in the Wigner-Weyl (WW) mode, and the
spectrum has an energy gap. As one approaches the critical point, the energy gap
vanishes, indicating the appearance of large-scale fluctuations. At the critical

int, objects carrying the symmetry charge condense, and the symmetry breaks
spontaneously beyond this point.

Abelian gauge theories such as the Higgs model (scalar QED), both in 2 + 1 and
3 + 1 dimensions, have a very similar phase structure. In the Coulomb phase there
is a massless mode - the photon . In the Higgs phase, on the other hand, there are
no massless modes. Usually this phase transition is not associated with the
Nambu-Goldstone (NG) phenomenon. The common jargon is that in the Higgs
phase "'the local gauge symmetry is spontaneously broken". This should not be
taken literally since local symmetries are never broken (by the Elitzur theorem [5]) .
Moreover, even the global electric charge U(1) symmetry- is not broken in the
Higgs phase [6]. In fact, the appropriate local order parameter for this phase
transition has not been found [7].
One can take a radically different point of view on this question** . If the photon

were a massless mode associated with the spontaneous breakdown of some global
symmetry, then the Higgs-Coulomb phase transition is to be understood as
another example of a symmetry breaking phenomenon.

A. Kovaa'r et cal. J Plaotoaa as a Golclstoaae boson

*There were attempts to understand photons as "Goldstone bosons" [4]. In this case, however, the
proposed global transformation was a part of the local gauge group . These symmetries are not
symmetries between the physical states, and so are not of the type considered here .

**A short account of some ideas presented in this paper appeared in ref. [8].
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In this paper we pursue this line of reasoning in the framework of abelian gauge
theories in 2 + 1 dimensions. In 2 + 1 dimensions the analysis is greatly simplified
compared to realistic (3 + 1)-dimensional theories since the photon in the Coulomb
phase is in fact a scalar particle . The main idea, however, can be generalized to
3 + 1 dimensions.
We identify the symmetries responsible for masslessness of the photon in loth

scalar and spinor QED3. In scalar QED it is the flux symmetry defined by the
conserved current

The corresponding charge is the magnetic flux 0 = fB(x) d2x. In the Coulomb
phase this symmetry is spontaneously broken, causing the masslessness of the
photon. In the Higgs phase it is realized in the WW mode, and the theory contains
excitations carrying nonzero flux (magnetic vortices) [9] . We construct the perti-
nent order parameter - the -vortex cïeation operator - and calculate its vacuum
expectation value and correlator in weak coupling perturbation theory.
We also consider spinor QED with two flavours,

where 0a, a = 1, 2 is a doublet of two complex (Dirac) fermions, I, and m are
parity-violating and parity-conserving fermion masses, respectively, and :3 =
diag(1, - 1). The theory is symmetric under flux symmetry generated by 0 and
chiral transformations generated by Q S = fd2x 'T3 . For Im > I~. (, both the flux
0 and the chiral charge QS are spontaneously broken and connect the vacuum to
the one-photon state . The following combination, however, remains unbroken:

e
2 -rr sign( m)

F,.,

	

(1.3)
A

'L

The symmetry breaking pattern therefore is U,,(1) ® U(1) -~ U,(1). For Im I < ItL I
both symmetries are unbroken. Precisely for these values of the parameters the
Chern-Simons (CS) term is generated dynamically, rendering the photon massive
(see fig . 1 for phase diagram).
We find that even in the broken phase the expectation value of the order

parameter vanishes. This indicates that the symmetry is realized not in familiar NG
mode but rather in the KT mode common in (1 + 1)-dimensional models [2,31 (we

review definitions and some basic features of various modes of symmetry realiza-
tions in appendix A). Along similar lines we consider the CS electrodynamics [101 .
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Fig. 1 . Phase diagram of the spinor QED 3 . The lines separate the broken phase from the unbroken
phase.

This paper is organized as follows. In sect. 2 we consider symmetry breaking
patterns and massless modes in several (2 + 1)-dimensional abelian gauge theories .
In subsect. 2.1 we define the flux symmetry, first in the case of a free photon and
then in scalar QED. In subsect. 2 .2 we remark that the "chiral" lagrangian
corresponding to the symmetry breaking pattern requires softness of interactions
between photons . In subsect. 2.3 the phase structure and the symmetry breaking
pattern of the spinor QED and in subsect . 2.4 of the CS electrodynamics are
analyzed .

Sect . 3 is devoted to a perturbative evaluation of the order parameters . In
subsect. 3.1 the order parameter is calculated in the simple free photon theory. In
subsect. 3.2 we define the order field V(x) (the vortex creation operator) in the
interacting case . We calculate in subsect. 3.3 the vev and the correlator of V(x) in
the Coulomb phase of scalar QED and verify that V(x) is a local scalar field . In
subsect. 3.4 an analogous calculation is performed in the Higgs phase. The slope of
the exponential of the correlator <V(x)V *(y)) - exp( -m Ix - y 1) determines the
mass of the magnetic vortex . To leading order in the electromagnetic coupling it
coincides with the energy of the classical solution [9,11] . In subsect. 3.5 we define
the order parameter in spinor QED [which slightly differs from V(x)].

Sect . 4 contains discussion of our results and generalization of this approach to
nonabelian gauge theories and QED4 .

In appendix A we systematically classify and review various modes of realization
of continuous symmetries, emphasizing the delicate distinction between the
Kosterlitz-Thouless (KT) and NG modes.
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2. Symmetry breaking and phase structure in QED3

2.1 . SCALAR QED AND THE FLUX SYMMETRY

We first consider scalar QED, defined by the lagrangian

y= ID 0j 2 +M2 1pj 2 -
11

	

4F2 + V(O*1p) ,

where DL = am - ieAL and V(0*0) is a polynomial up to third order. This theory is
renormalizable in 2 + 1 dimensions . It has two phases - a Higgs phase, in which
the photon is massive, and a Coulomb phase, in which it is massless. Sometimes
the phase transition is associated with "breakdown of a local gauge symmetry".
However, it is clear that one cannot make a physical distinction between phases on
the basis of realization of a gauge symmetry. All gauge group generators annihilate
physical states due to the Coulomb constraint and therefore the states are
invariant under the action of the gauge group in every phase.
The global UJ 1) electric charge symmetry generated by Q [6],

1
Q = f d2(x) JO(x) =

e
f d2xa,E;(x),

Jt, = iO*DmO - h.c . ,

	

(2.2)

is a symmetry between physical states . However, this symmetry is not broken in any
one of the phases . In fact, in both phases all the finite-energy states are neutral
under the action of this symmetry. This is evident in the Higgs phase. Since the
electric charge is given by an integral of the electric field at spatial infinity and the
electric field decays exponentially (the photon is massive), any finite energy
configuration has zero charge. In the Coulomb phase the UJ1) symmetry is neutral
for a different reason . The exchange of massless photon induces a logarithmic
confinement of electric charges and therefore the energy of any charged state is
logarithmically divergent. Consequently this symmetry does not distinguish be-
tween the two phases .
We shall show now that the symmetry broken at the Coulomb-Higgs phase

transition is the flux symmetry. This symmetry is generated by the magnetic flux
through the plane 0 = f d2xB(x ). The corresponding identically conserved current
is [121

Fli( x) =EuvA ôvA
A

.

	

(2.3)

As usual for currents of this type the symmetry charge generates transformation on
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fields only at space infinity . In hamiltonian gauge one has

[Ai(x),0] =0,

	

[Ei(x) ,0] = if d yEiia
.8(2)(x -Y) .

	

(2.4)

In the Higgs phase the symmetry is realized in the Wigner-Weyl mode while in the
Coulomb phase it is broken. The breakdown of this symmetry in the Coulomb
phase leads to the appearance of a corresponding massless mode - the photon .

VIlo hnR1n tl~A A ; -,.,.Ss;nn nf the fit-4

	

sym-ot-.

	

~F1..

	

~t---

	

'
""t. V~r&ila taav v.S--avaa va the aitin

	

yiis.lLL ..lly Wllll 'Me simple case of free
photon. In 2 + 1 dimensions the photon has only one transversal polarization and
is equivalent to a massless scalar particle*. Canonically (in hamiltonian gauge) the
tbeorv is described by the hamiltonian

with the constraint

di Ei = 0 .

	

(2.6)

The linear constraint is easily solved in terms of a single scalar field X(x),

Ei = EiidjX .

	

(2.7)

The magnetic field B(x) is just the momentum canonically conjugate to ,y(x)
),

B = -sr .

	

(2.8)

In these variables the hamiltonian becomes

H=

	

f d

	

I 7T

	

V)2 (2 .9)

The flux symmetry in these notations is a familiar shift transformation X(x) -->
X(x) + const. This symmetry (in d = 2 + 1) is spontaneously broken [13] with X
itself (which interpolates the photon) as a Goldstone boson.
This statement remains true in the Coulomb phase of the interacting theory as

well . The Coulomb constraint now is di Ei = jo, . It is no longer solved by the
expression (2.7), but the matrix element of F,, between the vacuum and one-pho-
ton state is easily calculated and still does not vanish. The correlator of the flux

* There is no helicity which distinguishes the massless photon from a massless scalar in 3 + I
dimensions .
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current and the photon field is
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where JI(p2 ) is the vacuum polarization contribution to the symmetric part of the
inverse photon propagator . In the Coulomb phase II(p-') is regular as p2 --> 0 and
the matrix element of the current F,,(x) between the vacuum and the one-photon
state is given by*

(01F~(x = 0)11, p) = --
2TS

	

2 Em`,AP"E A lim

	

19

	

(2 .11)
ho

	

p'-_u 1 -Il(p2)

where EA is the photon polarization vector. This quantity is gauge invariant, and

A

J d- xe

	

(TF,,(x)Aj0)) =E/ivA 2[l -~

	

,

	

,

	

(2.l0)
p

	

(p )~

where p, is momentum of the one-photon state. This is the familiar form of the
matrix element of spontaneously broken current between the vacuum and the state
of one Goldstone boson [13] . Eq. (2.13) implies that in the Coulomb phase the
vacuum is degenerate under the action of the flux symmetry and the photon is the
corresponding massless mode.

In the Higgs phase, eq . (2.13) is not valid any more. The photon now is massive
and has two polarizations . The vacuum polarization II(p'- ) has a pole at zero
momentum and the matrix element (2.11) vanishes . The magnetic flux annihilates
the vacuum state and the symmetry is not broken . The Higgs particle and the
massive photon are flux neutral. The spectrum also contains finite mass excitations
carrying nonzero flux: magnetic vortices . This gives a simple and natural interpre-
tation of the superconducting vacuum - it is a state, annihilated by magnetic flux.
Since there is a finite gap in the spectrum of flux carrying excitations (vortices),
a sufficiently small external magnetic field cannot penetrate the medium (the
Meissner effect).
As one approaches the phase transition point the mass of the vortices vanishes

and they condense . The Higgs-Coulomb phase transition can therefore be thought

* We use the canonical "nonrelativistic" normalization of states (p I k ) =,&2(p - k).

using hamiltonian gauge,

p'
Eo= 0, Ei ='E`' , (2 .l2)

V

we obtain

<01Fj'(0)11,p)- - 1
Im2~r 2 p~ 1

2 ,
- ~(p )

(2.l3)
po P--'t)
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of as a condensation of vortices. We shall discuss this as well as the relevant order
parameter in subsect. 2 .2 .

2.2 . EFFECTIVE "CHIRAL" LAGRANGIANS

It is well known [141 that Goldstone bosons, unlike other scalars, must interact
softly among themselves and sometimes with other particles. For any symmetry
breaking pattern G ---> H one generally can write down an effective "chiral"
lagrangian with fields interpolating Goldstone bosons living on the manifold G/H.

In the case of flux symmetry in 2 + I dimensions discussed above, the breaking
pattern is very simple : U(1) -> 1 . In general, for abelian symmetry breaking the
n-particle to m-particle S-matrix element is proportional to (at least) (m + n)
powers of momenta. This is indeed the case for effective interactions of photons
due to virtual pair creation processes.

In principle, the low-energy ("chiral") effective lagrangian is derived by integrat-
ing out all of the massive degrees of freedom [15,161. The effective "chiral"
lagrangian corresponding to the flux symmetry breaking coincides with the (2 + 1)-
dimensional analog of the Schwinger effective lagrangian

- W2 - i Trln[(aju - ieA 11 )2 + nt2]

= a(e 2 , m) F2 +ß(e2 , m)Fa 2F + y(e2 , m) (F2 )2 + higher-derivative terms .

2.3. SPINOR QED

Let us consider spinor QED with two fermionic species,

(2 .14)

It depends on the gauge-invariant field strength F,,, and its derivatives only, and
therefore the effective photon-photon interaction is soft . The interaction of
Goldstone bosons with other particles need not be soft [161 .

Similar conclusions are valid in spinor QED to which we now turn .

-~7'__= q1(i~-A-m-r3-e4)4P- 4F 2 ,

	

(2.15)

where qia, a = 1, 2 is a doublet of two component complex (Dirac) fermions,
T3 = diag(l, - 1), and m and A are independent mass parameters*. In addition to
the global electric charge UJ I) and the flux U0(1) symmetries there is also a chiral
U,(1) symmetry. The corresponding currents are the electromagnetic current

*The in- and ,u,-terms have different properties under the parity transformation defined as
+i(x, y) -> y,Tj0( -x, y), where -r j is a Pauli matrix acting on flavour indices. The in-term preserves
this symmetry, while the 1.-term violates it .
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Fig. 2. Diagrams generating (a) matrix element of J~3 between the vacuum and one-photon state; (b)
topological mass for the photon .

JA _

	

y~, , F~ and the chiral current JA = "YgrAi. To avoid confusion note that
our chiral transformation is not the same as what is sometimes called a "chiral"
rotation 41 ---> e'07'- 41 - this we refer to as an "axial" rotation*.

This theory was extensively studied for a variety of reasons. Deser et al . [10]
found that in the m = 0 case a Chern-Simons (CS) term is dynamically generated
at the one-loop level and the photon acquires a CS mass (usually referred to as a
topological mass). In the tL = 0 case the photon remains massless and induces a
logarithmic confinement of electric charge. The dynamical breaking of the axial
symmetry in the massless case was studied in ref [1 ?;.
The theory defined by eq. (2.15) like scalar QED exhibits the phenomenon of

flux symmetry breaking but has some new and interesting features .
The theory has two phases. When IA I > Im I (the Chern-Simons phase) the

photon is massive and all three symmetries are unbroken. When i U I < Ifn I (the
Coulomb phase) the photon is massless . The flux and chiral symmetries are both
broken but the combination

(with charge denoted by 1) remains unbroken .

e
11.=J5-

	

sign(m)F�

	

(2.16)
21r

Let us now consider the lagrangian (2.15) in two extreme cases: (i) i, = 0, (ü)
m = 0.

(i) g = 0. The CS term is not generated to all orders in perturbation theory [19] .
Therefore the spectrum of the theory contains a massless photon . As in scalar
QED, F,, connects the vacuum to a one-photon state. The chiral charge QS =
J d2xJ;(x) annihilates the vacuum in lowest order. However in the next-to-leading
order one encounters the diagram of fig. 2a . It gives the following contribution to
the correlation function :

_

	

2) 1/2

d'xe`xp(OITJ S x)A

	

I0) _ _ iem
E vAP~

	

1 3/2 arctg

	

2

	

.

	

(2 .17)
~c (

	

v(0)f

	

2~

	

N~

	

2

	

4m
P

(-P )

* This symmetry is sometimes called "chiral", since in terms of 4 x 4 Dirac matrices it is given by
0 -). e'"S 0. We use two-dimensional Dirac matrices which are natural in 2+ 1 dimensions. The
transformation which we call chiral in terms of 4 x 4 Dirac matrices takes form 0-, e"y41'Y172

+/1 . It is

the axial, rather than the chiral symmetry, that has recently been extensively studied analytically in
ref. [171 and numerically in ref. [181.
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This leads to a nonvanishing matrix element of the chiral current between the
vacuum and the one-photon state,

<0IJ~(0)11,pi = -iesign(m)

	

PM
2147r V2pO

(2.18)

In fact the diagram fig. 2a is the only contribution to eq. (2.17) to all orders in
perturbation theory. This can be proved by making use of the arguments of ref.
[19] . Therefore to all orders the only modification of the right-hand side of eq.
(2.17) is to multiply it by 1/(l -17(p-' )) . Eq. (2.18) shows that the vacuum is not
invariant under chiral rotations.
The combination 1,,, in eq. (2.16). however remains unbroken. Therefore the

symmetry breaking pattern is U,,(1) ® U~ (1) -), U,(1).
(ii) in = 0. The correlation function (2.17) in this case vanishes to all orders. The

vacuum is invariant under chiral rotations and the symmetry is realized in the WW
mode. This is correlated with the generation of a topological mass for the photon .
Although on the classical level the photon is masslless, quantum corrections induce
a topological mass [101 . To all orders in perturbation theory this mass is given by
the single one-loop diagram of fig. 2b [191*.
The crossover between the two extreme cases is straightforward. The matrix

element of the chiral current and the photon topological mass for arbitrary m and
g are given by**

(0IJ 5 (0)l 1, pi = - [sign(m + 1L) +sign(fn - tL )]

	

ie

	

p

	

,	(2 .l9)
47T 2po

e-
in ph =

4
- [sign(m + g) - sign(fn - tL) ] .

	

(2.20)

*Note that the photon mass generation can be viewed as a kind of generalized Higgs mechanism
[20]. Indeed, the diagram by fig . 2b also contributes to the antisymmetric part of the correlator of
the electromagnetic current and the photon field,

G~ , = fd3x e' -'n(0 I TJ,,(x)A,,(0)j 0) _ -ce1iEF� ,, pA

	

arctg7r(
-p,)

;/,

	

( 4p-

If the photon were massless, then as p --> 0 one would get an expression analogous to that of eq .
(2 .18) . Similarly in this case the photon would have had to be interpreted as a NG (or KT) (see
appendix A for definition) boson corresponding to the breaking of electric charge symmetry .
However, because the CS term is generated, the electric charge is not broken . This can be viewed
as a "self-Higgs" mechanism, when the photon plays the roles of both the "swallowed" NG (KT)
boson and the "swallowing" gauge field [8]. The number of degrees of freedom in this case is
evidently not changed .

** As a regulator, we use a pair of Pauli-Villars fermionic fields with masses of opposite sign . This
regularization preserves parity, which is present in the theory for p, = 0.



Eq. (2.19) follows in full analogy to eq. (2.20) [10] . The two fermion species running
in the loop of fig. 2 contribute to the matrix element independently.
We observe that the lines ImI = Iju I are critical (fig. 1) . We conclude that when

J .u I > ImI the photon is massive and both symmetries (flux and chiral) are unbro-
ken. In the rest of parameter space the charge I remains unbroken while Qs and
0 are broken. Similar analysis holds in QED with any even number of flavours.

2.4 . CHERN-SIMONS QED

The present considerations are easily extended to a theory of N fermions with a
parity breaking mass and a Chern-Simons term,
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-F2+j'(i4-m-e.4)0`+
y

E c°AAp FvA (2.21)4

	

8?r

where i = 1, . . . , N. This theory possesses _two conserved currents: the flux current
F,, and the particle number current J,, --- ~y,,4i*.
Quantum corrections generate an additional contribution to the photon mass**.

When y = 2Ne2, the gauge field becomes massless . The matrix element of the
current J. between the vacuum and a one-photon state has the form of eq. (2.18).
Consequently for this value of the parameter y both charges 0 and Q= fd2XJ0(x)
are broken . It is interesting that the combination of 0 and Q that remains
unbroken coincides with the charge I = jd 2x a;Ej. This follows directly from the
equation of motion

ya,, F,,,, - e0ye*

	

4 Tr
E~ .nF,P -

	

(2.22)

Therefore the symmetry breaking pattern is Uß(1) ® UJ 1) -3. Ut(1).

The charge I is logarithmically confined due to the exchange of massless
photons. Physical excitations are therefore not interpolated by the field *`, but
rather by a field which commutes with I. This field, in addition to the charge Q,
carries magnetic flux 0= y/4-rre. As a result, the excitations have fractional
statistics under exchange, and spin '-, (1 - 11N) [211 .

This model can be used to describe a parity-violating two-dimensional super-
conductor. The correlator of the current J. acquires a pole at zero momentum.
When J,, is minimally coupled to the real three-dimensional electromagnetic field
[22], the pole in the propagator of the real photon is shifted from zero to some
finite value, indicating superconductivity. The mechanism of superconductivity, i.e .
cancellation of the renormalized CS coefficient is the same for the nonrelativistic

* For N > I there is, of course, the additional SUM flavour symmetry . As this symmetry is
unbroken in the whole parameter space, it will be of no interest to us .

**We adopt Pauli-Villars regularization with sign Mpg = -sign j, .
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anyon gas and CS QED. In the nonrelativistic anyon gas with statistics (1 - I IN),
the particles fill N Landau bands, each contributing -e2/47r to the induced CS
coefficient, cancelling exactly the bare one. In the model (2.21), the role of the N
Landau bands is played by the N fermion species, with the same effect on the
renormalized CS coefficient. The number of fermion species N is equal to the
number of filled Landau bands in the anyon gas [22] . The superconductivity of
the anyon gas occurs at the point in parameter space at which the particle number
symmetry is broken.

3. Order parameter

In this section, we define and calculate, in perturbation theory, the order
parameter and the correlator of the order field in the theories we considered in
sect. 2.

3.1 . FREE PHOTON

Let us start with the simplest case of the free photon. As was discussed in sect. 2
the flux symmetry here is spontaneously broken. We shall now see this directly by
calculating the order parameter. The analogous calculation in the interacting
theories will coincide with this one in the leading order in the weak coupling
expansion.
The relevant order parameter in this case is

r =( V(x)) ,

	

(3.1)

where the order field V(x) is defined by the requirement (see appendix A)

[V(x), B(y)] = -gV(x)82(x -y) .

	

(3.2)

Any operator of the form

V(x) = Cexp(igX(x)),

	

y(x) = f d2yal (x - y)E;(y),

	

(3.3)

with C a constant, and the function a;(x) satisfying the condition

E;j a,a;(x) = ô 2 (x),

	

(3.4)

solves eq. (3.2). Functions a;(x) differing by the gradient of a scalar function
define operators V(x) ), which coincide on the Coulomb constraint (2.6). In what



follows we take a;(x) to be
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at(x)
27r

E,,x2

	

(3.5)
7r

The constant C is necessary to absorb divergences.
The expectation value of the exponential of a linear operator is generally given

by

(ig)
tt

exp( igX ) i = exp

	

x

	

n
!

	

(Xn%

	

(3.6)
n

where (Xtt>, is the connected n-point Green function . For free theory the only
contribution comes from the connected two-point function,

d~p
X( x)X( x)% = f

	

ai(P)aj( -P) [PiGi;(p) - iSij ] .

	

(3 .7)

Here G;j(p) is the Feynman photon propagator in hamiltonian gauge*;

G;;(p) =

	

iz s;; +
pi pi2

p p

d-3p 1 A
( X(x)X(x)i ==if

	

=(27r )2 P2

	

r

(3.8)

The last term in eq. (3.7) originates from the time ordering in the definition of
G**. Using the explicit form of a; [see eq.(3.5)] one obtains

(3 .9)

where A is an ultraviolet momentum cutoff. As we shall see, this is the only
ultraviolet divergence which will appear, even in the interacting theory. Absorbing
this linear ultraviolet divergence in the constant C of eq. (3.3) renders all the
Green functions of the vortex operator V(x) finite .
With this definition, the renormalized order parameter is then finite, pointing to

NG realization of the flux symmetry. In what follows, we choose C such that

* In the interacting case the hamiltonian gauge is known to have ambiguities at the two-loop level
[23] . However this does not cause any difficulty in our work since we do not encounter loop
integrals with internal photon lines . The advantage of the hamiltonian gauge in this setting is that it
leads to the simplest canonical formalism .

** See e.g . ref. [24].
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(V(x)> = l . The correlator of th:: order field is given by

where G is the propagator of the massless scalar,

G(x - y) = 47rlx - yl '

	

(3.l1)

When Ix - y I --> oo the correlator approaches a constant as usual in NG realization .
This calculation is conveniently represented in the euclidean path integral

formalism . The vev of V(x) can be naively rewritten as

where

with

(V(x)V*(y)i = C 2(expiig[X(x) - X(y)]) ) = exp[ -g2G(x-y) ] , (3 .l0)

This is obtained from eq. (3.3) using integration by parts . The integration by parts
is naive since it disregards the equal-time singularity . In the canonical formalism
this corresponds to dropping the Sij-term in eq. (3.7). The correct result is

(V(x)i = Cf.~A expl - -IF 2 - gfjt,A~ + ~g ` ff j~G~;turnjv I

	

(3.l4)

1
G~Ôurn (p) =0,

	

Greturn( p)

Po

The significance of the G return term will become apparent in subsect . 3.3 .

3.2 . VORTEX OPERATOR IN INTERACTING THEORY

(3 .15)

As we have seen in sect . 2 in the interacting theory Fu remains a conserved
current . The Coulomb constraint is, however, altered,

d, E; = eJo .

	

(3.16)

As a consequence, the operators V(x) defined in eq. (3.3) for different coefficient
functions a;(x) are no longer equivalent on the physical Hilbert space . We demand
that the order field be a covariant scalar field, local with respect to the gauge-
invariant operators Ei(x) and J,,(x ). Since 0 is linear in A ;(x) the order field in

(V(x» =Cf.9 `A exp -IF- -gf d3yj,(x-y)At,,(y) , (3 .l2)

jo =0 , j;(x) = &'(xo)a i(x) . (3 .l3)
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hamiltonian gauge should be exponential in E;(x ),

V(x) =K[0, Ai]expigf d2yai(x - y)Ei(y),

	

(3.l7)

where Eij a,aj(x) = S(2)(x ). The dependence of K on 0 and Ai can be restricted
using locality of V(x) (see ref. [25] for details). We will restrict ourselves to the
form

V(x) = Cexpigf d2y[a;(x-y)E;(y) +eb(x-y)Jo(y) ],

	

(3.l8)

with b(x - y) a c-number function to be determined, and C a constant as before
(in fact, the same constant).
The locality of V(x) ), in particular requires a zero commutator with J;(x) at

space-like separations . Using eq. (3 .18) one obtains

[Ji(x),V(y)] =2i{-egai(x-y) +a,'[egb(x-y)] m.a? .;Î lkY(x)O(x)V(y)-

There is no continuous function b(x) for which the right-hand side of eq. (3.19)
vanishes . There are, however discontinuous functions of this kind,

1 x~
a i(x) = 27r Eli x- z
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(3.19)

b(x) = f

	

_ ai dl;,

	

(3.20)
C(a )

where the contour C(x) starts at the origin and ends at the point x. The function
b(x) has a branch cut which starts at the origin and depends on the choice of the
contour QA The simplest choice is

b(x) = 1 O(x),

	

(3.2l)
2,r

where O(x) is an angle betv, -.en the vector x; and the X-axis, 0 < O < 27r. In this
case the discontinuity lies along the positive direction of the X-axis. In order that
the discontinuity of b(x) does not spoil the locality, the eigenvalue g must be
quantized in units of 27r/e,

g = 27rn/e .

	

(3.22)

The operator V�(x) defined by eq. (3.18) with this g will be called the vortex
operator [26] . It creates the flux 27rn/e localized at a point x. If the field V�(x) is
a scalar field its Green functions should not depend on the choice of the
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discontinuity line . We will show in subsect. 3.3 that this is indeed the case, at least
in weak coupling perturbation theory .

Note that using the Coulomb constraint (3.16), we can rewrite the order field
V�(x) in terms of the operator E; only,

where

2~rn
V"(X) =Cexp i

	

e

	

fdi (x - y)E,(y)d 2 Y

	

(3.23)

â l(x) = 0,

	

â,(x) = e(xi)S(x,) .

	

(3.24)

This form will be useful when we represent correlators of V�(x) in the path
integral formalism.

3.3 . SCALAR QED; COULOMB PHASE

We now calculate the expectation value of the order field V�(x) in the frame-
work of weak coupling perturbation theory . The definition of V�(x ), eq . (3.23),
contains a nonperturbative factor 1/e in the exponent . The logarithm of (V�(x))
is, however, expandable in e2 , although the series starts with the 1/e2 term. We
will show that the expansion of ln(V�(x )) in powers of e 2 coincides with the loop
expansion (or h-expansion) of the ground-state energy of QED in an external
field - the field of a magnetic monopole with the solenoid energy subtracted .

For this purpose it is convenient to use the euclidean path integral formulation.
The expectation value of the order field (3.23) is

Vj x)) = Cf.9,0 .f0* ,A exp

where S is the euclidean version of the action (2.1) and

or in momentum space,

27rn
-S(O,~* , A) -	e

	

PA A~

1 (

	

2e
rn )2

+ 2

	

e

	

ff j
j.L
G~,,.

return
J,.

jo=0,

	

ii =5 '(r)äi(x) = '8I(t)e(XIMx2)&i29

(3 .25)

(3 .26a)

jo = j, = 0,

	

j2 = polp, 1

	

(3 .26b)

and G',, (p) is given in eq . (3.15) . The origin of the third term in the exponent is
the same as in free theory (see subsect. 3.1). One can visualize jr' (in the euclidean
formulation) as a stationary three-dimensional current producing the magnetic



lI
11V VV11VJ~.1Vaa
ic correc~pon

(aaarlinb . .~ . .

	

magneticthree-dimensional magnetic field is
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field of a monopole with magnetic charge 2-n/e. In the lowest order it produces
the "external" potential (in hamiltonian gauge)

P) = G,,,( p)jl.( P) ,

0,

	

P2 2

	

1

	

+

	

P12 .

	

(3.27)
Pup

	

P1 Po

	

Pop`

where .mo' is the field of a monopole,

while -_Mtrin-- describes the string supplying the flux to the monopole,

-string = Astring = 0

	

-Astring - --
0

	

2

	

1
P1
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(3.28)

(3 .29)

(3 .30a)

.

	

%tring = Astring = ()

	

ß;trin-- = e( X, )S(

	

1)S( x3) .

	

(3.30b)

The appearance of the monopole is universal for any choice of the function b(A
in eq. (3.20) consistent with locality requirements for the order field. The location
of the solenoid coincides with the branch cut of the function MA At first sight the
appearance of the string breaks Lorentz covariance of the field V�(x ). The third
term in the exponent of eq. (3.25), as we shall see, completely cancels all the
effects of the string (as in the free case), restoring Lorentz covariance .

It is straightforward now to develop a diagrammatic expansion for the weak
coupling perturbation theory of expression (3.25) . Without the term j,,Griturnj,,

(which is independent of A,,) one recognizes in expression (3.25) the generating
functional Z of scalar QED in the presence of the external source j,,. The
logarithm of Z is the vacuum energy W, which is diagrammatically given by the
sum of all connected vacuum diagrams. The current j,,, appears in the one-point
vertex denoted by "x". The only contributions in leading order to W are those of
free theory (fig. 3) . The energy W is given by the classical energy of electromag-

Fig. 3. The diagram contributing to the order parameter in the Coulomb phase to leading order in e.
"x" denotes an external current ju, eq . (3 .26), creating a monopole.
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netism in the presence of the external current creating a magnetic monopole, plus
the Greturn contribution,

1 ( 2~rn ) 2 ff
W = f

	

~2 + -

	

Greturn
2

	

e

	

,~~ ~~~

	

,~~ .

	

1~~

2 7rn ) 2 1

	

1

	

1

	

1 ( 27rn ) 2ff d
__

	

~p

	

2

	

2

	

+ 2

	

ee 2 [Pl p

The second term is the ..,Ititr in~-squared term, which cancels against the third term
( t,G~vturnj� ), as promised, so that the sum is just the magnetic energy of the
monopole .d,,m without the string,

We recover the divergent expression of the free theory, see eqs. (3.6) and (3.9). At
the next order in e2 (i.e . order one) one encounters one-loop diagrams (see fig. 4) .
Other diagrams are of higher order in scalar-scalar couplings. The sum of
diagrams in fig. 4 is the vacuum electromagnetic energy of the charged bosonic

X"'.(:)---"X

_pod3p
(P l )~_

1 ( 2-rrn ) 2

	

d3p

	

1
-W

	

2

	

e

	

J

	

- 2'

	

(3 .31b)
(27) p

1 po

PO (Pl

Fig . 4. Next-to-leading order contributions to order parameter in the Coulomb phase .

(3 .31a)
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field in the presence of the external electromagnetic field a te , and hence is just the
standard gaussian result

(a~ - ie, s~I~ )2 + m2

	

(a~ - iesi~
)2 +M2

W= Tr ln

	

a2
+
m2

	

= In det

	

a2
+
m2

	

(3.32)
IL

	

IL

	

1

The calculation of W therefore reduces to the solution of a nonrelativistic
quantum mechanical problem - a charged particle in the field of a magnetic
monopole [27] .
The quantization of the magnetic flux g now appears in the guise of the Dirac

quantization condition [28]. For nonquantized g the expression (3.32) is divergent
due to the singular vector potential along the string . Moreover, as we will see
shortly, the correlator < V�(x)V�* (y )> would in this case be dependent on the
location of the string, thus rendering V,(x) not a Lorentz scalar .

Since, in our case (g = 27rn/e) the monopole satisfies the Dirac quantization
condition, it is clear that any physical quantity is independent of the string. The
solution of the quantum mechanical problem is well known [27] . The determinant
of the Schrödinger operator (3.32) is both ultraviolet and infrared finite . Note that
there is no additional ultraviolet renormalization of the composite operator V�(x)
in this order and the constant C can be chosen the same as in the free theory. We
expect this to hold to all orders at least when the scalar potential V(0*0) does not
contain a (0*0)' term, in analogy to 3 + 1 dimensions [25] .
The appearance of the monopole configuration in this calculation is, in fact,

natural. The vev of an order field C'(x) generally is closely related to the tunneling
amplitude between eigenstates of the (broken) charge with different eigenvalues.
Consider the charge Q with integer eigenvalues, and an order field C(x),

[r'(x),Q] = C(x) .

	

(3.33)

Let us choose in the Hilbert space the basis I n(x)) (for the sake of notational
simplicity we work with discrete x), where

(3.34)

QIn(Y))=gIn(Y)),

	

q = En(Y) .

	

(3.35)

Here the charge q is quantized and n(x) is an integer valued function . The
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vacuum of the broken phase is a superposition of states with different charges q,

3.4 . HIGGS PHASE

between the states that differ by one unit of the charge,

lim <n(y)je

One recognizes in eq. (3.37) the tunneling amplitude over an infinite time

Therefore the order parameter is given by the sum of these tunneling amplitudes*.
The monopoles appearing in eq. (3.29) represent semiclassically the tunneling
processes between states with different flux.
The correlator of the order field is also easily calculated in the first two

orders of perturbation theory. Quite generally, the correlator is given by the
same expression as the vev in eq. (3.25) with j,,.(x) replaced by j,,,(x) -j,,(y).
The leading order coincides with free theory of eq. (3 .10), for which W(x - y) =
(27,-n/02G(x -y) [G is defined in eq. (3.11)] is the energy of the monopole-anti-
monopole pair without a string between them.

In the next-to-leading order one has to calculate the determinant of the
Schr6dinger operator of a particle in the field of a monopole-antimonopole pair .
As a result, at large separations, only the coefficient of 1/ Ix - y I in the exponent
is modified . Note that for the values of g in eq. (3.22) the correlator is indepen-
dent of the shape of the string, and depends only on (x - y)2 . The same is true for
any other Green function V(x). Therefore the operator V(x) is a covariant scalar
field.
To conclude, to this order in perturbation theory, the order parameter is

nonzero and the correlator of the order field approaches a finite value at large
separations. This means that the flux symmetry is NG broken.
The validity of this result should not be taken for granted - higher orders or

nonperturbative effects may be important. We shall discuss this in more detail in
subsect. 3.6.

In the Higgs phase there are no broken symmetries, and therefore no massless
particles. We expect that at the phase transition point the flux symmetry is

* If the order field has an eigenvalue m, this calculation will involve tunneling amplitudes between
states with .]q = m.

Ivac> = E W[n(x)]In(x)> . (3.36)
(®1W)

The vev of e(x) is

(r(x)i = E e* [n(y)]e['1(y) +8,,11-1/2(y) . (3 .37)
111(y»
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restored . To see this explicitly, let us calculate the order parameter < V,,(x)} in the
same approximation we used in the Coulomb phase.

In the path integral formalism,

V,(x» =Cf90 90*.1A exp -S(,0,0* , A) -
27rn

mAll
0 fi

To derive the e 2-expansion of IV, let us rescale the fields and couplings of the
theory, A,, -* (1 10A .,, A --3, e2A, and 0 -> (1 /046, where A is the quartic cou-
pling*. Then we can establish the factor 1/e2 in front of the lagrangian,

(Vj x)i =Cf-20 ~?0* .1A expi -
e 2

1

	

27rn x 2
+ (-)_

	

ff retur~2 e

	

~EcGN.v w

S( çb , tb* , A) - 2-ritfjl.A#L

+2?T2f12 ffjKGretumILIV w

(3.39)

(3.40)

Consequently the small-e expansion of W is equivalent to the h-(or loop) expan-
sion of the ground-state energy of the Higgs model.

In leading order W is just the sum of all tree vacuum diagrams, and is equal to
the classical energy in the presence of external sources, corrected by the constant
term ^- ffj LGgvturnw (which precisely subtracts the contribution of the string of the
monopole).

Since in the Higgs phase the photon has nonzero mass u, the classical action of
the three-dimensional monopole in the superconducting medium is linearly diver-
gent in the infrared [I 1]. As a result, the order parameter vanishes .
Note that the ultraviolet divergences are the same as in the Coulomb phase, and

therefore no additional renormalization is required .
The correlator of the order field is given in terms of the classical energy of a

monopole-antimonopole pair in the superconductor. At large separation the
magnetic flux is concentrated in a flux tube of thickness of order I. -' = et', where
v is the classical expectation value of the scalar field (see fig. 5a). The euclidean
action of this configuration is proportional to the distance R between the monopole
and antimonopole.

W=M�R .

	

(3 41)

* We concentrate on a theory without (,0*,0) ; interaction term throughout this subsection.
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E

M

7
Fig . 5. (a) Flux tube produced by monopole-antimonopole pair in the Higgs vacuum . (b) Space-time

diagram of a two-dimensional magnetic vortex .

It follows that the correlator of the order field at large separations behaves as

V�* (x) j�(y» - e-"� lx-y l .

The operator V,,(x) (V�*(x )) interpolates a physical particle of mass M� and flux
2®rat/e (- 2Tn/e) - the vortex (antivortex). The mass M� is just the classical
energy per unit length of a Nielsen-Olesen vortex line [9]. This is seen as follows.
Let us consider the solution of the classical field equations of the (2 + 1)-
dimensional Higgs model with the following boundary conditions: the vortex of
strength 27rn/e is located at the origin between times - T/2 and T/2 (see fig. 5b).
On one hand it represents the vortex at rest which propagates in time and for
T-> oc the classical action is S =M�T. On the other hand, the same solution of the
euclidean theory gives the energy of the NO vortex line in the (3 + 1)-dimensional
Higgs model. Therefore the mass of the vortex is given by [I I I

where A is the quartic self-coupling of the scalar field.

(3 .42)

e
M11 _ 7r t , '- In

	

(3.43)



Fig. 6. Typical diagram contributing to the order parameter in spinor QED.
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We turn now to the calculation of the order parameter in spinor QED. The
symmetry breaking pattern is different : UX(1) ® Up(l) --), U,(1). We should chime
an operator which commutes with the unbroken generator I,. and is an eigenoper-
ator of a broken generator ( J~5 or F,)* . The simplest choice is

r(

	

)	ti 1%'W2(-)V2( r)

where V2(x) is the vortex operator defined in eq. (3.23) with n = 2, and the index
on 41 refers to flavour. Its vev is given by a path integral,

47r
r( X» =Cf5*5~~rZA ~i412 exp -S(e,~, A) -

P_ fiL AIL

Z7s )
2
ff

+ 2

	

Greturn
s

!2 AAlP .-TTi

(3.45)

Just as in the calculation of the vev of the vortex operator in subsect. 3.4, this can
be interpreted diagrammatically. The typical diagram is shown in fig. 6. Since the
electromagnetic interaction does not change flavour, any diagram of this type
vanishes . Therefore, to all orders in perturbation theory the order parameter
vanishes, and according to the definition in appendix A the symmetry breaking is
of Kosterlitz-Thouless type .

3.6 . VALIDITY OF PERTURBATION THEORY

Up to now, in calculating the order parameter, we have relied on weak coupling
perturbation theory, to next-to-leading order. The validity of the approximation,
however, can be questioned.

First, the real spectrum of the theory is qualitatively different from the perturba-
tive one. The charged fermions (and also bosons in scalar QED) are logarithmi-
cally confined . Therefore, one expects important nonperturbative effects.

* If the operator carries nonzero quantum numbers of an unbroken symmetry its vev will trivially

vanish .
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As was shown recently by Sen [29], confinement of elementary charges does
show up in order e-', as an on-shell infrared divergence in the electron's propaga-
tor. However, other relevant effects, like the appearance of bound states, are not
seen in perturbation theory.
Our calculations in both scalar and spinor QED are, up to now, at zeroth order

in coupling (eo), and do not incorporate the effects of confinement. The fact that
corrections to the calculation we performed are indeed important can be seen
from the following consideration. Let us consider the vev of the vortex operator
V,(x ), eq. (3.23), in spinor QED. This is not a good order parameter for the
symmetry breakdown pattern U,,(1) ® U},(1) --> U,(1), since VI(x) is an eigenopera-
tor of the unbroken charge,

[V,(x), I] = V,(x) .

	

(3.46)

Since I is not broken, the expectation value of VI(x) must vanish in the vacuum.
However, performing the calculation to order one, we obtain

detle -rn -.î1
( Vi(x)i =

	

detle -fnl

	

'

	

(3 .47)

which is manifestly finite . We conclude therefore, that other contributions are
important and should eventually lead to the vanishing of (V,(x)>.

This calculation is very similar to the one we performed in the Coulomb phase
of scalar QED, subsect. 3.3 . Therefore, one might expect that in that theory also
higher-order and/or nonperturbative effects may lead to the vanishing of the
order parameter, changing the realization of flux symmetry from NG to KT. We
will address this question in a future publication . The interesting question of
whether the symmetry breaking in both scalar and spinor QED is of NG- or
KT-type beyond perturbation theory must be settled by nonperturbative methods,
such as lattice simulation .

4. Discussion and conclusion
We studied realization of the flux and chiral symmetries in various (2 + 1)-

dimensional abelian gauge theories . All these models have two phases. In the
Coulomb phase the photon is massless . We show that the masslessness of the
photon is a result of the spontaneous symmetry breaking of the flux symmetry. In
the second phase the flux symmetry is unbroken and as a result the photon is
massive. In scalar QED this is the Higgs phase. In spinor theories (QED and
Chern-Simons electrodynamics) this is the phase where the photon acquires a
topological mass. The vacuum in this phase is annihilated by the flux 0 which
provides a natural interpretation of the superconducting state (the Meissner
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effect) . There is a finite gap for flux carrying excitations (vortices) and as a result,
small external magnetic fields are expelled .
We determined the symmetry breaking pattern and found a corresponding order

parameter: the vortex operator. In the massive phases this order parameter
vanishes, whereas in the Coulomb phase the situation is more delicate . If < er" } * 0
it is another example of the familiar NG phenomenon, while if <,,'c-) = 0 the flux
symmetry is KT broken. We performed a perturbative calculation of the order
parameter. At next-to-leading order in e 2 in scalar QED, <r > * 0, while in spinor
QED < 6- > = 0. This calculation is essentially equivalent to evaluating the partition
function of QED in the presence of an external current creating a magnetic
monopole (without the Dirac string) . In this representation the mode of flux
symmetry realization is determined by the long-distance asymptotics of the interac-
tion between monopoles . If the renormalized interaction decays faster than In r we
get a NG mode, whereas for a slower decay KT mode is realized. In order to settle
this question one should go beyond perturbation theory, for example to lattice
simulation.
One should be aware, however, that the correct model on the lattice is noncom-

pact QED. It is well known that in compact QED the flux current is not conserved .
Instantons break the flux symmetry, and as a result the photon has a finite mass
[30] . The continuum :imit of compact QED is not the continuum theory we
considered . Noncompact QED in 2 + 1 dimensions unfortunately has not been
thoroughly studied on the lattice but there are strong indications that it contains a
massless photon and provides a proper regularization of continuum QED [31].

Let us now discuss the possible consequences of our general approach to other
gauge theories . The first natural class of theories are nonabelian gauge theories in
2 + 1 dimensions.

In pure Yang-Mills theory with a semi-simple gauge group G there is no direct
generalization of the conserved (gauge invariant) current analogous to F~. The
natural candidates F, are only covariantly conserved, D~hF,b = 0. Therefore one
should not expect to find massless gluons, in agreement with general belief and
lattice simulations . In more complicated cases one perturbatively encounters mass-
less gauge bosons . This happens when the gauge group G is broken down to H,
which contains an invariant abelian subgroup .

In this case one can define a quantity F,, which is conserved within perturbation
theory [32] . However one still cannot define a current which is conserved nonper-
turbatively. Semiclassically, this is apparent since instantons which break this
"conservation law" explicitly have finite action . 'Indeed, generally, gauge bosons
nonperturbatively acquire mass. One can expect that they can remain massless
beyond perturbation theory only when a theory possesses an additional global
symmetry which is spontaneously broken. We can find support for this point of
view from the following examples taken from ref. [33]. Affleck et al . [33] consid-
ered an SO(3) gauge theory in 2 + I dimensions, with gauge symmetry breaking
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pattern SO(3) -3- U(1),

where qi" and 0" transform as adjoint representations of the gauge group. The
system has a global U(1) symmetry, 0 ---> e'0 qi, ~ ---> e - `e ~.

Affleck et al . [33] showed that this symmetry transformation connects the
vacuum to a one-photon state. The symmetry remains broken nonperturbatively
and the photon remains massless even when the non-perturbative instanton
contributions are taken into account.
Some constrained systems are conveniently represented as abelian gauge theo-

ries . For example, the CP'v- ' model can be represented in the gauge-invariant
form [34]

_1'= Nj .1nj' +a(n'n - 1),

	

(4.2)

where the covariant derivative D,, = at, - i,4,,,, with A,, an auxiliary field A, _
'-,i(n*ô,n -a~n% n). On the classical level the theory possesses a conserved topolog-
ical current Fu [35]. To all orders in the I /N-expansion in the disordered phase
(strong coupling) this symmetry is spontaneously broken [34] . As a result there
appears a composite massless mode, "the photon". However, this theory resembles
[36] compact QED3 rather than the noncompact one. The hedgehog instanton's
action in the continuum is finite [37] and recent lattice calculations [38] indicate a
finite instanton density and an anomalous flux symmetry breaking in the disor-
dered phase. The "photon" therefore becomes massive due to nonperturbative
effects (in 1/N).

In this paper we considered only the simple (2 + 0-dimensional case . It would
be more interesting to consider the realistic (3 + 1)-gauge theories with massless
gauge bosons from this point of view . The natural generalization of the (2 + 1)-
dimensional flux symmetry current 1~ is the dual field strength tensor F,,� . It
satisfies the conservation law d,,F= 0 and creates a photon from the vacuum.
The corresponding charge 0,, = fFo,,, d3x is no longer a Lorentz scalar . (1) () = 0
identically, while, of the three components of the magnetic flux O; only two are
independent. Breakdown of these two symmetries leads to the appearance of two
massless photons. The photons are, however, not (Lorentz) scalars, due to the
nontrivial commutators between the Lorentz group and the flux symmetry genera-
tors. It is interesting to further study these questions.

We are indebted to I. Affleck, E. Dagotto, B. Marston and N . Weiss for
interesting discussions. This work was supported by the Natural Sciences and
Engineering Research Council (NSERC) of Canada. One of us MR.) acknowl-
edges all the support of NSF grant PHY 82-17853 .



A. Koc-tier et al. / P{toton as a Goldstone boson

	

351

Appendix A

MODES OF REALIZATION OF CONTINUOUS SYMMETRY

In this appendix we review the different modes in which a continuous symmetry
may exhibit itself in quantum field theory . Let J,,, be a conserved current, â,,,J1, = 0,
and Q= fJ(, a corresponding global charge. As is well known, in quantum field
theory the physical spectrum does not always form multiplets under the action
of Q.
The first important feature distinguishing between different modes of realization

of the symmetry is the transformation properties of the vacuum under the action of
Q. If Q10> = 0, the symmetry is said to be broken, while when QI0> * 0, the
vacuum is degenerate and the symmetry is spontaneously broken. A hallmark of
theories possessing a broken symmetry is an appearance of zero-mass excitations.

It is convenient to define finer subdivisions for the modes of symmetry realiza-
tion . In the unbroken case one can distinguish between Wigner-Weyl (WW) mode,
in which finite-energy excitations form multiplets carrying nonzero charge Q, and a
neutral mode in which all finite-energy excitations are zero-charge singlets . Exaimn-
ples of WW mode are plentiful. Triality in QCD and electric charge Ue(1)
symmetry in the Higgs phase of QED are examples of neutral mode.
Among the broken symmetries, along with the familiar Nambu-Goldstone (NG)

mode there exists a distinct mode of symmetry realization which we will call the
Kosterlitz-Thouless (KT) mode. This is common in 1 + 1 dimensions : the O(2)
symmetry in the low-temperature phase of the XY model [2] or chiral symmetry in
various fermionic theories [3].
One distinguishes between NG- and KT-modes by the value of an order

parameter pertinent to the symmetry . In order to make the distinction precise we
define an order parameter v, as the vev of an eigenoperator e-, of Q,

V, = <01~l-,(X)IO> >

	

[~,QI = ~é~' -

	

(A.1)

When c,. 0 0 the symmetry is realized in NG mode. However, spontaneous
breaking of a symmetry does not necessarily imply the nonvanishing of an order
parameter. If l', = 0 for any eigenoperator O, we will call this the KT realization
of symmetry*.

It is important to stress that the Goldstone theorem remains valid even in KT
mode. The only assumption which is used in the general proof (see for example
ref. [16]) is that there exists an operator X such that X01 [X, Q] I0> =A 0. The
existence of such an operator is guaranteed by the fact that Q10> * 0. Conse-
quently in the KT mode (as in NG) the existence of a massless excitation, for
example, the spin wave in the XY model, is required by the Goldstone theorem.

* This definition is implicit in Witten's paper [3] .
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Alternatively one can distinguish between NG- and KT-modes by the behaviour
of the correlator of the order field. It is convenient to use an eigenoperator which
is a local field,

Po(x), r(y)] =V(X)5(X-y)- (A.2)

In the WW mode the order field ~'(x) interpolates a massive particle . It's
correlator decays exponentially,

(01 e-5J x)r'(y)I0> - e-"'Ix-yi ,

	

(A.3)

at large separations. The mass m is the lowest mass in the relevant channel. If the
symmetry is in neutral mode m is infinite and the correlator vanishes .
The correlator falls slower in the broken symmetry case . For NG mode, since

<r, (x)> = t', 0 0, it approaches a constant,

In the KT mode the correlator vanishes at infinite distance, but usually slower than
an exponential, due to the existence of a zero mode. In the XY model, the
Gross-Neveu model, and other (1 + 1)-dimensional models, it falls as a power [3],

1
<01e.(x)r"(y)10> -> lx

-yla .

	

(A.5)

The simplest and a rather generic example of the KT mode in 1 + 1 is a free
massless scalar,

[Jo(x),eio(y)]

= 2otLo)z . (A.6)

The "shift" symmetry 0 --~ 0 + const. is generated by Q = J7r dx = iaoO dx, the
corresponding current being J. = aO. The vacuum is degenerate : all coherent
states of the form exp[ia jdx 7r(x)]10>, where Tr is the momentum conjugate to (P,
have equal energy, and the shift symmetry is broken* . Yet for any choice of the
vacuum state, the expectation value of the order field (--(x) = exp[i~O(x )] van-
ishes. The particle 0 is the corresponding massless mode . A generic order field is
(~(x) - C exp iCo(x),

= ie eiz0(y) &(x -Y) .	(A .7)

* Sometimes it is said that in these theories the symmetry is not broken . The reason is that the scalar
product between different vacua is finite, unlike in higher dimensions where it vanishes exponen-
tially with volume [13]. Therefore one is able to construct an invariant superposition . For finite
volume (infrared cutoff) this state turns out to be a nondegenerate groundstate. However for
infinite volume it becomes degenerate with other states and the symmetry is broken .



A. Kovner et al. / Photon as a Goldstoite boson

	

353

TABLE 1
Modes of symmetry realization . The table shows the characteristics that distinguish the various

modes of symmetry realization

The expectation value of r'(x) in any of the vacua can be easily calculated,

~(x)i = C- e-~,
G(0) - e(C-2

	

. )in i.- _ Mz-- ~~:.

where /i is an infrared cutoff. In the tL --1- 0 limit the order parameter vanishes .
Therefore (in two dimensions only) the shift symmetry is realized in KT mode. The
correlator of (9-(x) is

Although in all (1 + 1)-dimensional examples of KT realizations the correlator falls
off as a power we are not aware of a general proof that this is always the case .
Therefore as a definition of KT realization we choose the degeneracy of vacuum
accompanied by the vanishing of the order parameter. The characteristic features
of various symmetry realizations are summarized in table 1 .
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